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Definition
Definition of the SVD

Singular Value Decomposition

For any matrix A € R™*"™, there exist matrices

UecR™™ Y ecR™" VecR™"

The SVD exists for any matrix (square or rectangular).

such that

Unlike eigenvalue decomposition no diagonalisability is required.

Singular values are uniquely determined (up to ordering)

Singular vectors are unique (up to phase/sign) when singular values
are distinct
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Definiton
Left and Right Singular Vectors

@ U: unitary matrix, columns are left singular vectors

@ V: unitary matrix, columns are right singular vectors

Unitary Matrix
A matrix @ is unitary if

Q'Q=0Q" =1

@ Columns are orthonormal

@ Lengths and inner products are preserved:

1Qx[l2 = [lzll2, (@, Qu) = (z,y)
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Singular Value Decomposition Definition

Singular Values

@ X is a rectangular diagonal matrix

@ Nonzero entries lie on the main diagonal
o1>09> >0y >0, p = min(m,n)

Interpretation

Each singular value o; measures how much A stretches vectors along the
corresponding singular direction.
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Singular Value Decomposition Definition

Alternative Characterization

A scalar 0 > 0 is a singular value of A if and only if there exist unit
vectors © € R™, v € R" such that

@ v: right singular vector

o u: left singular vector
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Singular Value Decomposition Definition

Positive Semi-Definite Matrix

To understand why singular values are real and non-negative, consider:
ATA  (nxn)

o AT A is symmetric

@ For any vector z € R™:
2T(AT Ay = (A2)T (Az) = ||Az|* > 0

e Any matrix M with 27 Mz > 0 Vz is called positive semi-definite
(PSD)

Takeaway: PSD matrices always have non-negative eigenvalues, which
is key for singular values.
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B
Diagonalize the PSD Matrix

@ Since AT A is symmetric and PSD, it can be diagonalized:
ATA=vAVT

where A =diag(A1,...,A,) >0
o Eigenvalues )\; are real and non-negative

@ Columns of V' are orthonormal eigenvectors

Observation: This is the first step toward SVD: - Eigenvectors of AT A —
right singular vectors - Square roots of eigenvalues — singular values
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Definition
Construct the SVD

@ Define singular values:
o, =V >0

@ Form the diagonal matrix ¥ with o; on the diagonal

@ Define left singular vectors:
U=AVE™' (columns of U are orthonormal)

@ Then
A=UxvT
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Definition
Construct the SVD

@ Define singular values:
o, =V >0
@ Form the diagonal matrix ¥ with o; on the diagonal

@ Define left singular vectors:
U=AVE™' (columns of U are orthonormal)

@ Then
A=UxvT
Key Points:
@ SVD exists for any matrix
@ Singular values are real and non-negative

@ Provides a clean geometric decomposition: rotation — scaling —
rotation
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Singular Value Decomposition Definition

Relation to Eigenvalue Decomposition

ATA=vE"o)yvT,  AaAT=vEz"U"

o Columns of V: eigenvectors of AT A
o Columns of U: eigenvectors of AAT
e 0, = /N(ATA)
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Singular Value Decomposition Definition

Complex-Valued Matrices

The SVD exists for any A € C"™*"

Transposes are replaced by conjugate transposes

A=UXV*

U,V are unitary

Singular values remain real and non-negative
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Singular Value Decomposition Geometric Interpretation

Geometric Interpretation

Consider the unit sphere
S={zeR": |zl =1}

@ Applying A maps the sphere to a hyper-ellipse

@ SVD explains this transformation in three steps
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Singular Value Decomposition Geometric Interpretation

Three-Step Decomposition

A=UxvVT’

@ VT rotation of the input space
@ X: stretching along orthogonal axes

© U: rotation in the output space

sphere — stretched ellipse — rotated ellipse
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Intuitive Explanation
What Does the SVD Tell Us?

In which directions does a matrix stretch space, and by how much?

rotation — scaling along orthogonal directions — rotation

@ Directions of maximal amplification: v;
@ Amount of amplification: o;

o Output directions: u;
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Intuitve Explanation
Geometric Interpretation of SVD (2D)

)

Rotated Ellipse
ched Ellipse
U ircle
& |

@ V: rotate to circle to singular directions

@ X stretches along singular directions

@ U: rotates ellipse to final orientation
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Reduced and Full SVD
Reduced SVD

Assume rank(A) = r < min(m,n).
A=UsV'
o U e Rmxr

° VGRnXT
° 2 e RTxT

Practical Importance

The reduced SVD is cheaper to compute and commonly used in
applications.
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Full SVD

To obtain full unitary matrices:
e Extend U and V to full orthonormal bases
@ Append zeros to N
A=Uxv"T

o U GRme
o V eRan
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Singular Value Decomposition Reduced and Full SVD

Summary

SVD exists for any matrix

°
@ Singular values are real and non-negative

@ SVD separates geometry into rotations and scalings
°

Provides orthonormal bases aligned with the action of A
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