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Markov Chains



Integer-time stochastic process

Stochastic process {Xm}men :

- Defined at integer times m e N, N C N*
- The rv X,, is called state at time m.

- Xm € S, the state space.

- S=N — Countable infinite set
- S={1,...,N} — Countable finite set

Difference with counting process:

{N(t)}ter € N but t € RY.



Discrete-Time Markov Chain (MC)

Integer-time rand. process satisfying the Markov property:

Prob. of the next state only depends on the current one.

Integer-time rand. process {X1,X,,...}isa MCif VYm > 1

l.e,, the future state is independent from the past states
given the present state.

Xog1lXm AL Xy, X5, ..o, Xim—a




Markov Chain of Order n

- Also known as Markov chain with memory
- The next state depends only on its previous n states.

MC of order n, if for n < m:

P(Xm :Xm’X'I :X’|7...7Xm7'| :me'l) -

'D(Xm - Xm|Xm—n = Xm—n, - - - 7Xm—1 - Xm—ﬂ)

Chain {Ym} S.T.. \V/m > n, Ym = ()(n’],)(n’]_’l7 ...7Xm_n+’|)

menN?

has the classical Markov property



Time-Homogeneous Markov Chain (HMC)

Also called Stationary/Homogeneous Markov Chain.

Prob. of state transition is independent of m, i.e,, Ym:

P(Xmi1 = X|Xm = V) = P(Xm = X[Xm=1 =)




Markov Chain Representations

Non-Homogeneous MC: Homogeneous MC:
Sequence of digraphs Single digraph.

- Nodes: States
- Edges: Transition probabilities
-« If P(Xm1 = Jj|Xm = 1) = 0: arc (i) omitted.



Transition Matrix | HMC

P(car=G | cat=H)

G H
M= s 0.9 0.1
H 0.7 0.3

P([at:G | cat=G) P{cat:H | cat=H)

- Vi,j, Mj;>0
Placcs C My =1

M;; — Prob. to go from state / to state j

Example:

P(cat,,, = G|cat, = H) =?; P(cat,4 = G|cat, = G) =7

P(cat,,, = H|cat, = G) =7; P(cat,4 = H|cat, = H) =7



Transition Matrix | HMC

P(car=G | cat=H)

G H
M= s 0.9 0.1
H 0.7 0.3

P([at:G | cat=G) P{cat:H | cat=H)

- Vi,j, Mj;>0
Placcs C My =1

M;; — Prob. to go from state / to state j

Example:

P(cat,,, = G|cat, = H) = .7, P(cat,,, = G|cat, = G) = .9

P(cat,,, = H|cat, = G) = .1; P(cat,., = H|cat, = H) = .3



Transitions | HMC

Preat=6 |cat=r)

Preat=t) ct=6)

N — Distribution at step n
i+ — . m
Example:

P(catp41 = H) = P(cat, = H)My y + P(cat, = G)Mg
P(catn41 = G) = P(cat, = G)Mg 6 + P(cat, = H)My g



n-Step Transitions, Chapman-Kolmogorov Equation

Probability to go from state i to state j in n steps:
pi) = P(Xy = jlXo =)

fp) >0andp!";” >0 then pi”) >0
Chapman—Kolmogorov equation: VR st, 0 > kR > n:

(k) (n—k)
I*)} Zplar pr’*)j

res

For HMC (time independent):
P = P(Xeyn =j | X =1), VRSL,0>k>n:

N = n® . mr—k]




Graphic Representation | Accessibility

State j is accessible from state i (Notation: i — ) if:

an>0, |p >0

O

by
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Graphic Representation | Communication

State j communicates with state i (Notation: i — j) if:

I—jandj—i

O~

bedd

n



Graphic Representation | Communication Class

Maximal set of communicating states.
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Graphic Representation | Closed Communication Class

Communicating states st. Prob.(leaving the class) = 0

i.e., N0 outgoing arrows
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Graphic Representation | Essential/Final State

State i is essential/final if:

Vj st i—j then j—i

State i € closed communicating class.




Graphic Representation | Absorbing State

State i is absorbing if:

YN >0 [P(Xpsr=ilXp=i) =1
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Graphic Representation | Reducibility

Irreducible Markov Chain:
State space is a single communicating class

Example: Add edges to make an Irreducible Markov Chain

O~

b =



Graphic Representation | Transience

Let T; be a rv denoting the first return time to state |.

Ti=min{n>1 st X,=iXo =i}

- State i is transient if:
P(Ti=o00) >0 and P(Ti<o0) <1

I.e.,, we are not sure to come back

- State i is recurrent or persistent if:
p(Ti=00)=0 and P(T<oo)=1

i.e., we are sure to come back



Graphic Representation | Transience

Transient

\\\



Transience (exercise)

Prove the following theorem:

For any finite MC, the states in a communication class
are all transient or all recurrent.
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Graphic Representation | Transience (proof)

- Leti € S be transient
and i € C communication class.

- Thus: 3j €S st 11— but jAI
cletmeC = m«e i

- Sincem —iandi—jthennm —j
- If mis recurrent then: j — m

- Sincej — mand m — i then: j — |

- Contradiction: so m is transient.
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Mean recurrence time

E[T,] = i n- P(T,' = ﬂ)

- State i is positive recurrent if: £[T;] is finite.

- State i is null recurrent if: £[T] is infinite.
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Number of visits

- If state i is recurrent:  P(N; > 1) =1

- If state i is transient: lim P(N;=Rk) =0

kR—+o00

22



Periodicity

State i has period k; if return times are multiples of k:

kRi=gcd{n >0 st PX,=1iXo=1) >0}

ged: greatest common divisor
- State i is aperiodic if: k; =1
- Same period for all states of communicating class
- MC aperiodic if: every state is aperiodic
- Irreducible MC with 1 aperiodic state =— aperiodic

e.g., Bipartite graph — even period

23



- State i is ergodic if:

- [ is aperiodic: period =1

- i is positive recurrent: P(T; < co) = 1and E[T] < oo
- MC is ergodic if:

- Every state i € S is ergodic.
- & Irreducible aperiodic and recurrent MC

2%



Ergodic Theorem | Steady-State

Theorem: Let X; be a ergodic MC then:

im p(X, =j) =M

*
n—+oo J

Corollaries: M* is an Stationary distribution:
S0<MF<1, Vies
C XM =1
M =Y Mpiny & M7 =

M*: normalized left M eigenvector, with eigenvalue 1.
+ " is unique: M7 = g5 with C> 0 a constant
- Distribution converges to M* regardless of M.
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Perron-Frobenius Theorem

Let A be a n x n positive matrix or a non-negative
irreducible matrix', with unitary period, then:

3 reR, and 3 v=(Wn,..,V,) St M.-v=r-v

r: eigenvalue? and v: eigenvector® of M st.:

- Other eigenvalues ) are st, [\ <.
- Vi vi >0, and # other positive eigenvectors.

'Adjacency matrix of a strongly connected graph
2Perron-Frobenius/leading/dominant eigenvalue
3perron-Frobenius/leading/dominant eigenvector
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Perron-Frobenius Theorem

Consequence:

Finite irreducible HMC with transition matrix M.

3N st N-mM=n

Only one Steady-State distribution vector.

M,=My-M" and lim N, =M Then lim My -M" =TI

n—oo n—oo
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Moran Process




Moran process

- Simple stochastic process used in biology
- Model finite populations (N individuals)
- Variety-increasing effects (e.g., mutations)
- variety-reducing effects (e.g,, drift, selection)

- Main characteristics
- Constant population size N
- Two populations: Vector (i, N — i) with i > 0.

- At each iteration:
- Reproduce 1 individual at random
- Kill 1 individual at random
(The same individual can be chosen twice)
- If only 1type of individuals — End

28



Moran process

Duplicate O
Cod > 053] 0%
080 108" e%

N=38, i=3 N=38, i=2 N=38, =8
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Moran process

Markov Process with state i, (i.e, nb. of individuals of type 1)

Piji + Pij—1 + Pijipr =1
Absorbing states: 0 and N.

30



Fixation probability | Birth death process

x; - Probability of reaching state N from state I.

0 ifi=0
Xi = § Pii—1Xi—1 + Piit1Xit1 + PiiXi fo<i<N
1 ifi=N

Theorem: Fixation probabilities

g
o T+ 2}21 jk:1 Tk
o N—1 17/

1 + Zj:1 1}?21 Tk

Xi

With r, = 2ot

Pk,k+1

Proof:? Hint: Compute X1 — X ;



PijixXizr = Xi(1 — Pii) — Pii—Xi-1
PiitiXipr = Pij—1(Xi — Xi—1) + PijiaXi

= 206 = %) = (0% = %1

Xit1 — Xj

Xig1 — Xj = HL:'] ’YK(XT - XO) = H;?:'I VkXa.

Since Xg = 0.
i—1 =11y
Xi =X = Xo = 3Zo Xjt1 = % = Xa(1 + 25 TTiems 0)

Sincexy=1: X = ———r—
355 s e

H‘Z};; et e
N—1 j
300 Ty e

Finally x; =
32



Markov Process with state i,i.e, nb. of individuals of type 1):

* Pii-1= T
C Piig = I(’XI%’) Absorbing states: 0 and N.

* Pii = 1= Piji—1 — Pii+1

Piji+1 = Piji—1 = 7 =1 33



Markov Process with state i, i.e, nb. of individuals of type 1
Fitness: f (type 1) and g (type 2).

e p.. o — _9(N=P) i
Pii-1 = Firgm-n

N
C D= LT N
Pii+1 = firg(v-n N

" Pii =1=Pij-1—Pijs

Absorbing states: 0 and N. *



Selection | Fixation Probability

- Fixation: Prob. to take over the entire population

. 4_Pi,:71_g,-_1
Ni=r LT F 7

i,i+1

1=r
X =TT
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Selection | Evolution Rate

- Population 1 — mutants
- Only one mutant i =1

- Fixation: Prob. mutants take over the entire
population

36



Branching Process




Branching Process

Population of individuals producing, each generation n,
a random number of children.

O 2O
SN
EE§<:‘<:>_*’<:> 'Etpe

n n+1 n+2

37



Formal Definition | Galton-watson process

- Branching Process:

- Individual lifespan = 1.
p {Zn}neN

- nb. children of indiv. i at n.

Xi,n € {Oa172’ } Q In+1=3 1@

* P(Xin = R) = pr

iy O—C
- Xipareiid rv. m—ﬁo @
O

- State/size of generation: O oY
Znwr =S Ximi Zo=1 ‘

38



Extinction problem

Extinction probability in n generations:

dn = po + prdn_s + pad3_ + p3d’_ 4+ -+ = h(d_1)
Ultimate Extinction probability:

d= nan;odn = nILn;OP(Zn =0) andthus: |d=h(d)

39



Extinction problem

= p1+2p,d +3p3d?>+... >0 = h(d)isincreasing
h” = 2P, + 6p3d + 12p,d?... = h(d) is convex
d= and d=1 sasolution — 33 cases:

- 3 Another intersect < 1
—d<lord="1.

- d = 1isthe only intersect
—d="1.

- 3 Another intersect > 1
—d=1(since0>d>1).
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Extinction problem

h'(1) = pr+2p2 +3ps + - -- = E(X; n)
E(Xi,n) <1 — d=1
E(Xin) >1 = d<lord=1

A
1
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